INTRODUCTION {#SEC1}
============

The construction of genetic devices able to perform complex tasks and decision-making processes is a major challenge of synthetic biology. In a building-up approach, synthetic devices are composed of several interconnected modules that must be designed in order to work coherently with the rest of the system. Following an engineering perspective, synthetic biology pursues the implementation of complex genetic behaviors by means of a rational design according to principles of abstraction, standardization and modularity ([@B1]). Based on these principles, the behavior of a genetic device should be predictable from the individual characterizations of their composing parts ([@B2]--[@B7]). However, increasing evidence suggests that knowledge of the whole system cannot be inferred only from the sum of their parts. This fact makes it difficult to achieve the desired predictability in the engineering process ([@B8],[@B9]) giving rise to one of the major limitations that hinders the advance of synthetic biology.

Among the possible causes limiting the development of synthetic and biotechnological applications, the so-called metabolic burden is a usual suspect ([@B9]--[@B12]). Mounting evidence shows that the expression of a foreign gene causes a cellular stress that negatively affects the expression of the other genes, as well as the growth rate of the cell ([@B12]--[@B17]). According to this, by increasing the genetic load the expected behavior of a given genetic part would be affected by the addition of other parts, even when there are no direct interactions among them.

Gene expression depends on a common pool of cellular resources that must be shared with all of the cell\'s genetic demands ([@B15],[@B18]). Recent experimental and theoretical evidence ([@B13],[@B17],[@B19],[@B20]) indicates that this constraint introduces a higher order of dependencies in gene expression. In consequence, the design of reliable genetic devices must take into account this effect in the characterization of the composing parts. However, a general theoretical framework accounting for the effects of limited cellular resources in gene expression is still lacking.

Our work presents a new mathematical formalization of gene expression constrained by cellular resources. Our results demonstrate that when the demand of cellular resources grows due to an increasing number of modules involved in a genetic device, the reduction in the response levels of these modules is governed by equations similar to those of the so-called Ohm\'s law. In electric circuits, this law describes the dependence between electric loads (i.e. resistances) and voltage. Analogously, we show that the dependence between genetic loads and gene expression is governed by the same principle in genetic systems. For an experimental validation of our theoretical results, we built a library of genetic circuits using the parts registry repository (<http://parts.igem.org/Main_Page>) ([@B21]--[@B23]). In order to directly monitor the expression levels, our circuits are composed of different modules expressing fluorescent proteins. Even though circuits were designed to be orthologous, our results reveal that they are linked by the effect of the genetic load as predicted by the theoretical framework presented here.

MATERIALS AND METHODS {#SEC2}
=====================

Bacterial strains and growth conditions {#SEC2-1}
---------------------------------------

Cloning and expression experiments were performed in *Escherichia coli* Top10 (F- mcrA Δ(mrr-hsdRMS-mcrBC) φ80lacZΔM15 ΔlacX74 nupG recA1 araD139 Δ(ara-leu)7697 galE15 galK16 rpsL(Str^R^) endA1 λ^−^; from Invitrogen, USA) except the experiment of Figure [3C](#F3){ref-type="fig"} that was performed in *E. coli* ZN1 (LacI^q^ PN25-tetR Sp^R^ F^−^ endA1 glnV44 thi-1 recA1 relA1 gyrA96 (Nac^R^) deoR nupG Φ80d*lacZ*ΔM15 Δ(*lacZYA-argF*)U169, hsdR17(r~K~^−^ m~K~^+^), λ^−^; from Espressys, Germany) due to its constitutive expression of Tet receptor. Bacterial strains containing the constructs were preserved in Lysogeny Broth (LB) glycerol 20% (v/v) at −80°C. Plates with the colonies used in the experiments were obtained from the growth of the glycerol stocks on LB agar plates at 37°C overnight and selected with appropriate antibiotics (chloramphenicol 340 μg/ml; kanamycin 250 μg/ml; or ampicilin 100 μg/ml; Sigma, USA) ([@B7]).

Building of the genetic constructs {#SEC2-2}
----------------------------------

Cloning was carried out using the Biobrick assembly method and the parts from the Spring 2010 iGEM distribution. The Biobrick parts used in this study and its characteristics are shown in Supplementary Table S2. All the constructs analyzed in this paper were built by combining these parts. Biobrick cloning was performed using an assembly kit (Ginkgo Bioworks, USA) ([@B22],[@B23]). Constructs used in Figure [2](#F2){ref-type="fig"} were built by adding an increasing number of copies of a red fluorescent protein (RFP) reporter gene (see Supplementary Table S3, constructs cp1--8). The rest of constructs used in this paper are comprised of two reporters, the green fluorescent protein (GFP) and the red fluorescent one. On one hand, the *gfp* expression is kept constant under a constitutive promoter (pm100) expressing a GFP modulated by a medium RBS (R32), and this part is shared for all the constructs. Thus, GFP expression is the control variable that we monitor in order to see how changes in RFP expression (the tuneable reporter) affect this *a priori* independent part of the circuit. On the other hand, we have several types of the other tuneable reporter (RFP) depending on the way in which we want to tune the expression of the *rfp* gene (see the rest of the constructs in Supplementary Table S3 and the different approaches to tune RFP expression in Figures [2](#F2){ref-type="fig"}--[4](#F4){ref-type="fig"}). Among these tuning mechanisms, a library of promoters and RBSs from the PartsRegistry repository ([@B23]) was used, as well as metabolite-inducible systems such as the Lux and the Tet-ON.

All constructs were included in the Biobricks high copy number plasmids ([@B7]) (pSB1AK3 and pSB1AC3) and transformed by chemical method. The pSB1AK3 was the plasmid used for virtually all the experiments, with the sole exception of the experiments tuning RBS (Figure [4A](#F4){ref-type="fig"}), which were done using a pSB1AC3. In all the experiments, cells bearing either pSB1AK3 or pSB1AC3 plasmids were used as negative controls for fluorescence measurements. All the constructs were verified by analytical gel digestion and confirmed by Sanger sequencing. In the case of the constructs with many copies of *rfp*, the single copy was sequenced and the other constructs with more than one copy were confirmed by analytical gel digestion (see Supplementary Figure S2). Further information regarding the constructs and its main characteristics is also included in Supplementary Table S3.

Fluorescence assays for gene expression determination {#SEC2-3}
-----------------------------------------------------

Experiments started from colonies grown in LB agar plates. A high dilution (10^6^-fold) of the colony was grown overnight in LB ampicillin in a 200 μl well, at 37°C and with continuous shaking. In the experiments with signal induction, LB ampicillin was supplemented with the desired inducer concentrations, either lactone 3OC6HSL (N-\[β-ketocaproyl\]-L-homoserine lactone; Cayman Chemical Company, USA) or Anhydrotetracycline hydrochloride (aTc: C22H22N2O7-HCl; Sigma-Aldrich, USA). Then, a 50-fold dilution from the overnight culture was grown until exponential phase (OD660 ≈ 0.3--0.6) in the same conditions but with the other antibiotic to which cells were resistant, either chloramphenicol or kanamycin, in order to avoid any possible contamination. Finally, incubation for *in vivo* measures was carried out by transferring 50 μl of the diluted cultures and 150 μl of fresh LB ampicillin into a flat bottom 96-well microplate (Nunc, Thermo Fisher Scientific, USA). In the induction experiments this fresh LB ampicillin was supplemented again with the appropriate induction signal concentrations: 3OC6HSL for the Lux transcriptional induction and aTc for the Tet-ON induction system. LB without cells was included in the incubation as a background control for both fluorescence and absorbance.

Gene expression was monitored over time by measuring the two reporters (fluorescent proteins) used in this study. Incubation and measures of bacterial cultures during characterization were performed on a Synergy MX microplate reader (BioTek Instruments, USA) every 10 min for 14 h. Fluorescence measures for RFP (ex: 578 ± 9 nm, em: 616 ± 9 nm) and GFP (ex: 478 ± 9 nm, em: 516 ± 9 nm) with gain 75 were carried out, as well as optical density (OD at 660 nm) measures. Incubation was done at 37°C with continuous orbital shaking. 3OC6HSL concentration conditions were prepared from an initial stock at 10^−2^ M (3:1, phosphate buffered saline (PBS):ethanol). Serial dilutions in LB ampicillin (or kanamycin or chloramphenicol when needed) ranging from 10^−4^ to 10^−10^ M were prepared for every step of the protocol just before the experiment. aTc concentrations were also prepared from an initial stock at 10^−2^ M in PBS and dilutions from this stock were prepared the same way as in the case of 3OC6HSL.

Data transformation {#SEC2-4}
-------------------

Sample absorbance and fluorescence readings (OD660 (S), *f*(S)) were corrected using signal background control (OD660(B), *f*(B)). The output signal (*F~i~*) was calculated according to $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F_i = \frac{{F(S) - F(B)}}{{OD(S) - OD(B)}} \end{equation*}\end{document}$$ where *F~i~* corresponds, with a factor of proportionality, to the concentration of the fluorescent protein *i* (GFP or RFP) per cell. Mean values and the standard deviation were determined from the results obtained from different single colonies.

Time series and signal variation computation {#SEC2-5}
--------------------------------------------

Linear regression of the correlation between GFP and RFP was calculated at every time step. Its evolution converges toward a steady state point at ∼600 min. In this work, in accordance to what has been done in previous works ([@B22]) and considering that a stabilization of *R*^2^ is observed (see Supplementary Figure S3a), the window for the final experiments acquisition was chosen at 600 min, although the behavior remained stable for several hours. Furthermore, the evolution of the slope and the intercept were also monitored over time and, as it can be seen in Supplementary Figures S3b and c, both also stabilized at a similar time step, thus reinforcing the 600 min as the more appropriate choice.

RESULTS {#SEC3}
=======

In our theoretical formalism---detailed in the 'Mathematical appendix' section---genes are represented as loads in the cell, defined by their genetic traits and also conditioned by the limited cellular resources (Figure [1A](#F1){ref-type="fig"}). For the sake of simplicity, we assume that genes are transcribed into mRNAs, which in turn are translated into proteins (Figure [1B](#F1){ref-type="fig"}). The demand for resources is reflected by the occupation of transcriptional and translational machineries. This demand is defined by the gene sequence, in terms of its promoter strength, the number of gene copies and the ribosome binding site (RBS), among other factors. According to these premises, our mathematical model and its experimental validation are presented below.

![The biology of the mathematical model and its connections with the electric circuit theory. (**A**) A cellular system with limited number of transcriptional and translational resources, Q and S, respectively. Cell genes represent a cellular genetic load that competes for the transcriptional and translational machinery. A tunable synthetic gene (*rfp*) is used to introduce a new genetic load monitored by fluorescence protein (*F~RFP~*). Genetic loads are represented by β. (**B**) Reactions considered in this model and its respective equilibrium constants defined at the steady state. Notation: concentration of gene *i* (*g~i~*), mRNA concentration (*m~i~*), protein concentration (*p~i~*). Definition of β and γ parameters in terms of kinetic constants (see 'Mathematical appendix' section for derivation details). In red, those parameters experimentally changed in this study. (**C**) The diagram representing an electric circuit with a variable resistor R~i~ and real power supply with internal resistance R~0~ in a series. The difference of potential between the ends of R~i~, i.e. V~i~, behaves according to the Ohm\'s law. (**D**) Equivalent genetic circuit expressing a tunable *rfp* gene, represented with electric symbology. Protein concentration at the steady state (i.e. *F~RFP~*) depends on the total genetic load of the cell.](gkv1280fig1){#F1}

A genetic circuit in response to an increasing number of genetic loads behaves analogously to an electric circuit with resistances in a series connected to a real power supply {#SEC3-1}
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Our first goal was to develop an analytically tractable model describing gene expression at steady state, based on the competition for the limiting cellular resources. In a general scenario, we consider an organism that has a pool of available transcriptional and translational resources (Q~T~ and S~T~ respectively) dedicated to express its M cellular genes and N foreign genes (see 'Mathematical appendix' section for derivation details). As a result of our mathematical formalization, given a gene of interest (*g~i~*), its expression (F~i~) is described by: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F_i = \gamma _i \left( {\frac{{\beta _i }}{{\beta _C + \sum\limits_{j = 1}^N {\beta _j } }}} \right) \end{equation*}\end{document}$$ Here, γ~i~ is a constant that depends on several aspects, such as the total amount of cellular resources and the gene (g~i~) structure and other non-biological parameters such as fluorescence reader efficiency and gain. The term β*~i~* is the genetic load imposed by the gene *g~i~* on the cell, as determined by the promoter strength, the RBS and the coding sequence of the gene. Moreover, β*~C~* represents the genetic load associated with the M cellular genes of the host cell, which, for simplicity, can be considered invariant given a physiological state. Interestingly, *F~i~* is proportional to the ratio between the genetic load of the gene of interest (β*~i~*) and the sum of the genetic loads of the M cellular genes (β*~C~*) and the N foreign genes ($\documentclass[12pt]{minimal}
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}{}$\sum\nolimits_{j = 1}^N {\beta _j }$\end{document}$), including *g*~i~ (see Figure [1B](#F1){ref-type="fig"} and 'Mathematical appendix' section).

As we shall demonstrate, Equation ([1](#M1){ref-type="disp-formula"}) is fairly similar to the Ohm\'s law expression applied to electric circuits, when electric loads are connected in a series to a real power supply ([@B24]). In electric circuits, the most commonly used formalization of the Ohm\'s law is: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_i = I \cdot R_i \end{equation*}\end{document}$$

This equation describes the relationship between V~i~, i.e. the potential difference between the two ends of an electric load with resistance *R~i~*, and the electric intensity, *I*. It should be noted that Ohm\'s law, when applied to a circuit in a series, can be rewritten as: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_i = I \cdot R_i = V_T \left( {\frac{{R_i }}{{R_0 + \sum\limits_{j = 1}^N {R_j } }}} \right) \end{equation*}\end{document}$$ (see Figure [1C](#F1){ref-type="fig"} and 'Mathematical appendix' section). Here, *V~i~* is a fraction of the maximum potential difference *V~T~*, defined by the relative contribution of the resistance *R~i~* with respect to the total load of the circuit. In this equation, *R~0~* represents the internal electric load of the real power supply ([@B24]) (see Figure [1A](#F1){ref-type="fig"}).

A desirable feature in the design of electric circuits is the existence of a linear dependence between *V~i~* and *R~i~*. However, carefully looking at Equation ([3](#M3){ref-type="disp-formula"}) it is easy to observe that for large *R~i~* values the linear dependence is not satisfied, giving rise to a sub-linear behavior (see Figure [1C](#F1){ref-type="fig"}). Comparing the genetic Equation ([1](#M1){ref-type="disp-formula"}) and the electric Equation ([3](#M3){ref-type="disp-formula"}), notable similarities can be easily appreciated.

According to our model, and inspired by Ohm\'s law when applied to circuits in a series, we claim that the total genetic load of a given circuit should be the sum of the loads of each individual gene. In order to experimentally validate our claim, particularly formalized in the Equation ([1](#M1){ref-type="disp-formula"}), we shall consider a circuit comprising multiple copies of a reporter gene (*rfp*) with identical genetic loads. In this particular scenario, the expected response is given by: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F^{N_{{\rm copies}} } _{{\rm RFP}} = \frac{{\gamma _{{\rm RFP}} \cdot \beta _{{\rm RFP}} \cdot N}}{{\beta _C + \beta _{{\rm RFP}} \cdot N}} \end{equation*}\end{document}$$ (detailed derivation of Equation ([4](#M4){ref-type="disp-formula"}) is presented in the 'Mathematical appendix' section). Here, $\documentclass[12pt]{minimal}
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}{}$F^{N_{{\rm copies}} } _{{\rm RFP}}$\end{document}$ refers to the total amount of RFP fluorescence, N is the number of copies and *β*~RFP~ is the genetic load associated with a single *rfp* gene (see Figure [2A](#F2){ref-type="fig"}).

![Experimental evidences of genetic loads behaving as electric loads do when connected in a series in electric circuits. (**A**) Schematic representation of the experimental setup. (**B**) Top: Analysis of plasmid and insert sizes done by gel electrophoresis after restriction digestion corresponding to the synthetic constructs involving an increasing number of *rfp* genes (i.e. identical units of constitutive promoter + RBS + ORF codifying RFP) up to eight copies. Band at 3.1 Kbp corresponds to the linearized pSB1AK3 plasmid of all constructs. The second band corresponds to the insert sizes according to the increasing number of *rfp* copies (see 'Mathematical appendix' section, Supplementary Table S3 and Supplementary Figure S2 for further details). Bottom: Experimental RFP fluorescence measurements (open circles) at the steady state fairly agrees (*R*^2^ = 0.9926) with the model (solid line). (**C**) Analogous electric circuit involving an increasing number of identical resistances connected in a series. (**D**) Response of an equivalent electric circuit and its general mathematical expression.](gkv1280fig2){#F2}

The experimental results in Figure [2B](#F2){ref-type="fig"} show a sub-linear dependence of gene expression when the number of copies is increased, as predicted by Equation ([4](#M4){ref-type="disp-formula"}). The same behavior is observed in electric circuits with N identical resistances in a series, connected to a real power supply (see Figure [2C](#F2){ref-type="fig"} and [D](#F2){ref-type="fig"} and 'Mathematical appendix' section). Our results demonstrate that genetic load is an additive property that allows the predictability of the whole system\'s behavior. Furthermore, and according to Equation ([3](#M3){ref-type="disp-formula"}), in electric circuits the internal resistance of the real voltage source (*R~0~*) is a factor that determines the range on which the linear dependence between the potential difference (*V~i~*) and resistance (*R~i~*) is valid. Interestingly, β~C~ plays the same role in genetic circuits according to Equation ([4](#M4){ref-type="disp-formula"}).

Our mathematical model predicts the dependence in the expression of orthologous genes similar to Ohm\'s law for electric loads {#SEC3-2}
------------------------------------------------------------------------------------------------------------------------------

Going beyond the previous case, we shall now study a new scenario involving different genes with different genetic loads. Let us now consider how the expression level of a given gene is affected by the genetic load associated with other genes. As a proof of principle, we will consider a minimal scenario involving two different genes. However, a general formalization of the model that accounts for an arbitrary number of different genes is detailed in the 'Mathematical appendix' section. According to Ohm\'s law, in a circuit containing two different electric loads, R~1~ and R~2~, the potential difference between the ends of R~1~ depends on the potential difference between the ends of *R*~2~, following a linear relation (see 'Mathematical appendix' section). Therefore, $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_1 = m - n \cdot V_2 \end{equation*}\end{document}$$ where *m* = V~T~ and *n* = 1 in electric circuits. Remarkably, a linear relationship can also be derived from Equation ([1](#M1){ref-type="disp-formula"}) for the genetic counterpart when we consider a genetic circuit expressing two independent gene reporters, in our case the fluorescent proteins GFP (*F*~GFP~) and RFP (*F*~RFP~) (see 'Mathematical appendix' section), i.e. $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F_{{\rm GFP}} = a - b \cdot F_{{\rm RFP}} \end{equation*}\end{document}$$ where, $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} a = \frac{{\gamma _{{\rm GFP}} \cdot \beta _{{\rm GFP}} }}{{\beta _C + \beta _{{\rm GFP}} }}\quad {\rm and}\quad b = \frac{{\gamma _{{\rm GFP}} \cdot \beta _{{\rm GFP}} }}{{\gamma _{{\rm RFP}} \cdot \left( {\beta _C + \beta _{{\rm GFP}} } \right)}} \end{equation*}\end{document}$$

Equation ([6](#M6){ref-type="disp-formula"}) describes the relationship between the expressions of two genes that are not genetically connected. In order to assess whether changes in the genetic load of one of the genes affect the other, we shall consider a scenario in which one genetic load is kept fixed (*F*~GFP~, constitutively expressed) while the other is tuneable (*F*~RFP~). This tuning can be achieved through different transcriptional and translational mechanisms. It should be noted that the parameter *a* is invariant, regardless of the type of mechanisms used to tune the *rfp* expression. However, the slope *b* can be tuned via changes in translation (Equation ([7](#M7){ref-type="disp-formula"})). More specifically, it depends on γ~RFP~, which only relies on translational mechanisms (see Figure [1B](#F1){ref-type="fig"}). Hence, it is only when translational changes are used to tune *rfp* expression (e.g. modifying RBS strength) that changes in the slope can be expected.

The model predicts that transcriptional tuning of the genetic load of one gene affects in a linear way the expression of a second gene {#SEC3-3}
--------------------------------------------------------------------------------------------------------------------------------------

Focusing on transcription, we tuned the *rfp* expression levels (*F*~RFP~) using different experimental genetic implementations. In particular, four types of circuits were constructed and characterized, namely: (i) constructs with increasing number of *rfp* gene copies from one up to eight, (ii) constructs with an increasing promoter strength expressing *rfp*, (iii) a Lux-inducible system ([@B6],[@B7]) expressing *rfp* upon lactone (3OC6HSL) addition and (iv) a Tet-On inducible system ([@B25]) that also expresses *rfp* upon Anhydrotetracycline (aTc) addition. These different genetic implementations have a direct mapping with some key model parameters. The first one, (i), corresponds to variations in g~RFP~, whereas the others (ii--iv) modify ω~RFP~ (see Figure [1B](#F1){ref-type="fig"}).

The experimental results for transcriptional tuning (Figure [3](#F3){ref-type="fig"}) reveal a strong linear correlation between *F*~GFP~ and *F*~RFP~ (*R*^2^ \> 0.9) for all of the analyzed cases, according to Equation ([6](#M6){ref-type="disp-formula"}). Furthermore, the temporal evolution of *R*^2^ (Supplementary Figure S3) demonstrates that this behavior is consistent over time, up to 14 h of incubation. These results confirm that the linear correlation does not depend on the specific genetic implementation, thus suggesting the existence of a subjacent common regulatory principle.

![Linear dependence between two genetic loads at the transcriptional level. Three scenarios that were explored: (**A**) increasing gene copy number from one up to eight copies of *rfp* gene together with increasing promoter strength using a library of promoters; (**B**) Lux-inducible system; and (**C**) Tet-On-inducible system. Correlations between RFP and GFP (GFP/RFP charts) are shown in the larger plots, together with a schematic representation of the transcriptional tuning scenario implemented. Transfer functions (e.g. expression levels for different number of gene copies, promoter strengths and inducer concentrations) for both fluorescent proteins are presented in the smaller rectangular plots of each scenario. In GFP/RFP charts, mean values are represented in black circles with s.d. bars. Individual replicates are depicted by either white circles (B and C) or in brown and yellow ones (A, for different gene copy number and promoter strength respectively). Linear correlations calculated with the least squares method are shown and correlation coefficients (*R*^2^) are included, as well as the linear equation in (A).](gkv1280fig3){#F3}

According to Equation ([6](#M6){ref-type="disp-formula"}) our model predicts a linear relationship between RFP and GFP fluorescence that does not depend on the transcriptional genetic features of the tuneable gene (*rfp*). This prediction is confirmed by the experimental results shown in Figure [3A](#F3){ref-type="fig"} where two different genetic systems, namely increasing the gene copy number and different promoter strengths, exhibit the same linear behavior with the same slope and intercept. The other two inducible systems (by lactone and aTc) cannot be directly compared with the previous results due to the fact that they have a different genetic background. This is because they are either hosted by a different strain (i.e. ZN1 in the Tet-On system instead of Top10) or because of the presence of an additional gene (i.e. *luxR* in the lactone-inducible system) introducing a new genetic load included in the *β*~C~ parameter. These genetic background differences, which in our model are translated into different β~C~, result in different slope and intercept values (see Figure [3B](#F3){ref-type="fig"} and [C](#F3){ref-type="fig"}).

Finally, regarding the values of β~RFP~ it is worth mentioning that these values are a function that depends on the tuning mechanism used. For instance, in the lactone inducible system, each lactone concentration corresponds to a different *β*~RFP~ value. The same reasoning also applies to the aTc inducible system and to the different promoter strength system, where for each promoter sequence there is a different *β*~RFP~ value. The only case where *β*~RFP~ value remains constant despite the tuning on the RFP fluorescence levels is the gene copy number system, where an increase on the number of copies allows increasing the RFP fluorescence levels without modification on the β~RFP.~

In this scenario, our model allows the quantification of several parameters from the experimental data. This quantification does not provide the *β*~RFP~, *β*~GFP~ and *β*~RFP~ values but the ratios between them, i.e. *β*~C~/*β*~RFP~ and *β*~RFP~/*β*~GFP~. Furthermore, parameters γ~RFP~ and γ~GFP~ can also be estimated. Nevertheless, it is important to consider that γ~RFP~ and γ~GFP~ are constant parameters involving biological aspects but also non-biological ones such as the detection efficiency of the reader or the gain used, as mentioned before. In 'Parameters estimation and data fitting' section in the 'Mathematical appendix' section, a detailed explanation about the methodology used for the quantification of these parameters is presented, as well as the parameter values.

The model predicts that translational tuning of the genetic load of one gene has a non-linear effect on the expression of a second gene {#SEC3-4}
---------------------------------------------------------------------------------------------------------------------------------------

Next, we explored the effect of modifying the genetic load of the tuneable reporter *rfp* at the translational level by changing the RBS sequence, thus modifying translation efficiency. Our model accounts for these modifications in the expressions ([6](#M6){ref-type="disp-formula"}) and ([7](#M7){ref-type="disp-formula"}) at two different levels: (i) through changes on RFP fluorescence levels (*F*~RFP~, experimentally measurable) and (ii) by changing γ~RFP~ parameter that affects the slope. Here, it is worth noting that upon transcriptional changes only *F*~RFP~ is affected trough changes on *β*~RFP~, and so the slope remains unaltered. On the contrary, translational modifications imply both changes in the *F*~RFP~ fluorescence and the slope. As a consequence, the dependence between *F*~GFP~ and *F*~RFP~ exhibits a non-linear relationship, shown in Figure [4A](#F4){ref-type="fig"}. In this non-linear relationship each point corresponds to a different RBS sequence that is associated to a different γ~RFP~ value. According to our model, using the experimental data it is possible to calculate the ratio $$\documentclass[12pt]{minimal}
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}{}$\gamma _{{\rm RFP}} ^{{\rm Rel}}$\end{document}$ = 1. A notable fit between the model and the experimental data (*R*^2^ \> 0.99) is shown in Figure [4A](#F4){ref-type="fig"} (see 'Parameters estimation and data fitting' section in the 'Mathematical appendix' section for details about the fitting).

![Dependence between two genetic loads at the translational level. Two different scenarios were implemented: (**A**) Library of circuits with RBSs with different strengths. Larger plot depicts the GFP-RFP non-linear correlation together with the fitting obtained according to model equation (5) and a schematic representation of the scenario implemented. Smaller plots depict levels of RFP and GFP expression for each of the five constructs tested. (**B**) Transcriptional--translational combined scenario based on two versions of a lactone-inducible systems differing in their RBS modulating the RFP (Lux(32) and Lux(33)). Linear correlations for the two lactone-inducible systems studied are presented, exhibiting different slope (larger plot). Transfer functions for the two reporters of each construct are shown. Mean values are represented in filled circles with s.d. bars and individual replicates in open circles. Linear correlations calculated with the least squares method are shown and correlation coefficients (*R*^2^) are included.](gkv1280fig4){#F4}

Finally, to study the effect of combining transcriptional and translational tuning, we built two variants of the Lux inducible system, which was previously described (Figure [3B](#F3){ref-type="fig"}). The two variants differed only in the RBS modulating *rfp* translation. Our model indicates that γ~RFP~ increases with RBS strength due to its dependence on the parameter *μ~RFP~* (as noted in Figure [1B](#F1){ref-type="fig"}), that is: the stronger the RBS, the flatter the slope. The results in Figure [4B](#F4){ref-type="fig"} are in accordance with model\'s predictions.

DISCUSSION {#SEC4}
==========

In this work, we provide a mathematical formalization and experimental validation of how gene expression of orthologous genes in bacteria is affected by the genetic load. Our formalization considers gene expression as a process conditioned by the availability of the cell machinery and resources required for transcription and translation (RNA polymerase, ribosomes and related factors, among others). The consequence of such a limitation is therefore the emergence of a process of competition among the different genetic requirements of the cell, namely, the genetic loads. This results in interdependence in the expression of the participant genes even when they are assumed to be orthogonal. Despite our model is focused on the competition for cellular resources, the dependences between orthologous gene expressions could also be affected by other potential interactions, for example those derived from high gene expression levels or other unknown effects. However, the predictive capability of the model with respect to the experimental results reinforces competition for cellular resources as a dominant mechanism driving gene expression.

Such a scenario of competition is not unique in cells expressing genes. Interestingly, it has also seen in electric circuits with different resistors. In our work, we show that there are strong similarities between electric circuits, governed by Ohm\'s law and genetic circuits. Looking at the mathematical formalization, electric systems show a sub-linear dependence between difference of potential and electric load (Equation ([3](#M3){ref-type="disp-formula"})). Our formalization reveals an analogous behavior between gene expression and genetic load (Equation ([1](#M1){ref-type="disp-formula"})) in genetic systems. Moreover, another shared characteristic is the existence of dependences in the response of one load, either genetic or electric, whit respect to the other ones, despite the fact that these loads are independent (Figures [3](#F3){ref-type="fig"} and [4](#F4){ref-type="fig"}). Furthermore, an analogy between the internal resistance (*R~0~*) in electric circuits and the internal genetic load (*β~C~*) of bacterial cells can be established. In electric circuits the internal resistance of the power supply play an important role in the dependence between difference of potential and resistance. In genetic devices, our model indicates that the interdependence in the expression of orthologous genes is modulated by *β~C~*. This result suggests that these dependences can be affected (enhanced or reduced) depending on the internal genetic background of the specific strain used. Future research should be focused on the analysis of the role of the internal genetic load *β~C~* on the behavior of a given device.

However, looking closely at our model we have to note that competition in the genetic system takes place at two different levels, transcription and translation, and therefore the resulting equation is more complex than the one derived in electricity. In fact, this is reflected in the parameter *γ~i~* that should correspond to *V~T~* for electric circuits. It is worth noting that in electric circuits *V~T~* can be assumed constant and independent from the characteristics of the electric loads connected, while this is not the case for *γ~i~* in the genetic counterpart. The difference relies on the fact that *γ~i~* depends on genetic parameters such as the copy number of plasmids or the translational parameters. This represents a significant difference with respect to Ohm\'s law in electric circuits. We can speculate that these limits on the analogy between electric and genetic systems are related with the circumstance that in genetic systems there are two levels of process, transcription and translation, instead of a single one as happens in electric systems. Future work should be devoted to address this issue in detail.

Our results suggest the existence of a more fundamental principle that may emerge in systems where there is competition for shared limited resources needed to perform different activities of regulation. Such systems may include the electric and the genetic one, as we have showed, but could also comprise, for instance, very different transportation systems, such as hydraulic systems ([@B26]), blood circulatory system ([@B27]) and body heat dissipation ([@B28]) that have also been described according to Ohm\'s law. Bearing all of this in mind, we suggest that Ohm\'s law could be a more general principle that goes beyond the electric metaphor.

It is worth stressing that the model has been experimentally tested in different genetic (inducible and constitutive) implementations. In all of them, despite the simplicity of the model, the agreement with the experimental data is remarkable. In consequence, our model provides a qualitative understanding of the genetic behavior, but also for a quantitative estimation of the relation between the genetic load of the different genetic parts present in the host cell. However, a word of caution must be taken into account for the comparability of results obtained in different days for parameter estimation. Future work should be devoted to develop a quantitative methodology that allows measuring the genetic load of each genetic component, in order to predict the impact of the genetic load of the whole device on the host cell.

Finally, previous evidence regarding the genetic load in eukaryotic systems ([@B29]--[@B31]) suggests that gene expression being affected by genetic load may not be exclusive to bacteria. Further experimental and mathematical research should be devoted to clarifying this issue. In this context, the development of predictive mathematical models to improve the design of genetic circuits should account for the effects related to the load, especially when large load is expected.
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Mathematical Model of gene expression dependences based on competition for cellular resources
---------------------------------------------------------------------------------------------

Let us consider a gen *i*, noted as *g~i~*, as a transcriptional unit able to be transcribed into a messenger RNA *m~i~* that is translated into a protein *p~i~*. The processes of transcription and translation are balanced by the degradation mechanisms of the cell, giving rise a constant population of *m~i~* and *p~i~* species at the steady state. The transcription and translation processes can be described as a set of biochemical reactions.
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Similarly, S represents the total amount of free transcriptional resources, e.g. ribosomes, whereas S~i~ is the fraction of resources temporary compromised in protein synthesis. Here, kinetic parameter $\documentclass[12pt]{minimal}
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}{}\begin{equation*} F_i = \gamma _i \left( {\frac{{\beta _i }}{{1 + \sum\limits_j {\beta _j } }}} \right)\,\,{\rm with}\,\,\gamma _i = \tau _i \cdot \varphi _i \end{equation*}\end{document}$$ being τ~i~ a constant.

Gene expression dependences behave analogously to Ohm\'s law
------------------------------------------------------------

Expression of a gene demands for a different amount of cellular resources (energy and raw materials) depending on the gene sequence but also on the transcriptional regulations. For a given gene *g~i~*, *β~i~* characterizes this gene in terms of the required cellular resources for its expression. Changes in gene transcription rates, for instance due to the existence of a protein that represses or enhances the expression of the gene, are translated into changes on *β~i~* values, which in turn are translated into changes in the final gene expression, according to Equation ([S.27](#M35){ref-type="disp-formula"}). In this sense, *β~i~* can be interpreted as an indicator of the genetic load associated to a gene *g~i~*. In consequence, the expression level *F~i~* depends on the gene requirements characterized by *β~i~* and on the requirements of the rest of the genes *β~j~*. Considering a synthetic genetic circuit formed by N different genes embedded in a host cell containing M genes in its genome, we can rewrite expression ([S.27](#M35){ref-type="disp-formula"}) as: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} \beta _C = 1 + \sum\limits_{k = 1}^M {\beta _k } \end{equation*}\end{document}$$ Here, the sum is extended over all (*M*) genes of the host cell. Assuming that the cellular conditions are stable in terms of temperature, pH, nutrients, etc., we can consider that *β*~*C*~ is constant under a physiological state.

Electric and genetic dependence for circuits in a series
--------------------------------------------------------

Interestingly, the relationship between expression of *F~i~* and β\'s in Equation ([S.28](#M36){ref-type="disp-formula"}) is similar to the relation between the difference of potential and the electric load in an electric circuit where all electric loads are connected in a series. Ohm\'s Law defines this dependence. More specifically, considering an electric circuit formed by a real voltage source and N electric loads connected in a series (see Figure [1A](#F1){ref-type="fig"}), the energy provided by the power supply is devoted to move electric charges through the different electric loads connected. Each electric load could require a different amount of energy to allow moving electric charges through it. The difference of potential V~i~ between the ends of the *i-st* electric load is a measure of this energy required, described by Ohm\'s Law as: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_i = I \cdot R_i \end{equation*}\end{document}$$ where *R*~*i*~ is the electric resistance of the *i-st* electric load. A real voltage source can be considered as the combination of an ideal voltage source *V~T~* (with internal resistance zero) with an internal resistance *R*~0~ connected in a series. Considering a circuit formed by a real voltage source and N load resistances connected in a series, this circuit is equivalent to a circuit with a single resistor *R*~eq~ connected to the same ideal source ([@B32]), where, $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} I = \frac{{V_T }}{{R_{eq} }} = \frac{{V_T }}{{R_0 + \sum\limits_{j = 1}^N {R_j } }} \end{equation*}\end{document}$$ According to previous expressions, Ohm\'s Law of electric circuits with resistors connected in a series can be rewritten as $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_i = V_T \left( {\frac{{R_i }}{{R_0 + \sum\limits_{j = 1}^N {R_j } }}} \right) \end{equation*}\end{document}$$ Equation ([S.34](#M42){ref-type="disp-formula"}) indicates that the energy devoted to move electric charges *V~i~* through a resistor *R~i~* is a fraction of the total energy available *V~T~*. This fraction is calculated as the ratio between the resistance *R~i~* and the total resistance of the circuit.

Interestingly, the counterpart in genetic circuits behaves in a similar manner. The host cell can be envisioned as a resources supply for gene expression. These resources must be devoted to cell maintenance as well as to expression of the foreign genes introduced. In this context, we can interpret β*~i~* in the same terms as *R~i~*. In this scenario, the metabolic load associated to the expression of gene *g~i~*, i.e. the amount of cellular resources that are withdrawn from the host cell for maintenance and expression of the foreign gene ([@B11]), is a fraction of the total cellular resources available. This fraction is determined by the ratio between the gene load β*~i~* and the total gene load hosted by the cell in a similar way than the ratio between resistances determines the fraction of electric resources (energy) devoted to move charges. It is worth mentioning that β~C~ plays the same role than the internal resistance *R~0~* in a power supply.

Gene expression of multiple copies circuit
------------------------------------------

In order to demonstrate that genetic load is an additive property we consider a genetic circuit formed by N copies of the same reporter gene *rfp* with genetic load β~RFP~. Our model considers that the RFP fluorescence level of the whole circuit ($\documentclass[12pt]{minimal}
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Linear dependence between genes expression
------------------------------------------

Applying Equation ([S.28](#M36){ref-type="disp-formula"}) it is possible to determine how the introduction of a foreign gene or how changes in the expression of a given gene quantitatively affect the expression of the rest of the genes due to the indirect interaction associated with the so-called metabolic burden. In general, considering a host cell containing a synthetic genetic circuit formed by N foreign genes, the expression levels of two arbitrary genes *g~i~* and *g~k~* are $$\documentclass[12pt]{minimal}
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\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{equation*} \frac{{F_i }}{{F_k }} = \frac{{\gamma _i }}{{\gamma _k }}\frac{{\beta _i }}{{\beta _k }}\,\,{\rm and}\,{\rm hence}\,\,\beta _k = \frac{{\gamma _i }}{{\gamma _k }}\beta _i \frac{{F_k }}{{F_i }} \end{equation*}\end{document}$$ Introducing ([S.39](#M47){ref-type="disp-formula"}) in expression ([S.37](#M45){ref-type="disp-formula"}) we obtain, $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{equation*} \begin{array}{l} F_i = \gamma _i \left( {\frac{{\beta _i }}{{\beta _C + \sum\limits_{\scriptstyle j = 1 \atop {\scriptstyle j \ne i \atop \scriptstyle j \ne k }}^N {\beta _j } + \beta _i + \beta _k }}} \right) \\{=} \gamma _i \left( {\frac{{\beta _i }}{{\beta _C + \sum\limits_{\scriptstyle j = 1 \atop {\scriptstyle j \ne i \atop \scriptstyle j \ne k }}^N {\beta _j } + \beta _i + \frac{{\gamma _i }}{{\gamma _k }}\beta _i \frac{{F_k }}{{F_i }}}}} \right) \\ \end{array} \end{equation*}\end{document}$$ Manipulating this expression $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{equation*} \frac{1}{{F_i }} = \frac{1}{{\gamma _i \beta _i }}\left( {\beta _C + \sum\limits_{j \ne i,k}^N {\beta _j } } \right) + \frac{1}{{\gamma _i }} + \frac{1}{{\gamma _k }}\frac{{F_k }}{{F_i }} \end{equation*}\end{document}$$ After some algebra we get, $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{equation*} F_i = a - b \cdot F_k \end{equation*}\end{document}$$ where, $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{eqnarray*} &&a = \gamma _i \cdot \nonumber \frac{{\beta _i }}{{\beta _C {+} \beta _i \left( {1 {+} \sum\limits_{j \ne i,k}^N {\beta _j } } \right)}}\, and \,b {=} \frac{{\gamma _i }}{{\gamma _k }} \cdot \frac{{\beta _i }}{{\beta _C {+} \beta _i \left( {1 {+} \sum\limits_{j \ne i,k}^N {\beta _j } } \right)}} \end{eqnarray*}\end{document}$$ In the case analyzed, where only two foreign genes have been introduced, Equations ([S.43](#M51){ref-type="disp-formula"}) are reduced to $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} a = \gamma _i \cdot \frac{{\beta _i }}{{\beta _C + \beta _i }}\,\,{\rm and}\,\,b = \frac{{\gamma _i \cdot \beta _i }}{{\gamma _k \left( {\beta _C + \beta _i } \right)}} \end{equation*}\end{document}$$ Again Equation ([S.42](#M50){ref-type="disp-formula"}) is equivalent to the well-known relationship between electric potentials *V*~i~ and *V~k~* between the ends of two resistances *R~i~* and *R~k~* ([@B33]) (see Supplementary Figure S1a), i.e. $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} V_i = m - n \cdot V_k \end{equation*}\end{document}$$ Supplementary Figure S1b shows the linear dependence between the electric potentials existent between the ends of two resistances *R*~1~ and *R*~2~ for different values of *R*~2~ (*R*~2~ is a potentiometer whereas *R*~1~ remains constant). Now we consider the equivalent scenario in a genetic circuit. Equivalent dependences are observed in genetic circuits (see Figure [3](#F3){ref-type="fig"}) suggesting that the same mathematical laws that govern other systems such as electric circuits govern genetic circuits as well.

Parameters estimation and data fitting
--------------------------------------

In the model presented there are several key parameters that determine the effect of genetic load on gene expression. More specifically these parameters are β~C~, β~RFP~ and β~GFP~ that account for the genetic load associated to the host cell, the *rfp* gene and the *gfp* gene respectively. Additionally, there are two other parameters, γ~RFP~ and γ~GFP~ that involve biological and non-biological aspects such as the efficiency on the fluorescence measurement, which depends on the experimental equipment employed.

Analyzing the model equations it is possible to determine γ~RFP~ and γ~GFP~ and the ratios β~C~/β~RFP~, β~C~/β~GFP~ and β~GFP~/β~RFP~, from the experimental data shown in Figures [2](#F2){ref-type="fig"}, [3A](#F3){ref-type="fig"} and Supplementary Figure S5.

Considering the constructs involving N copies of *rfp* (Figure [2](#F2){ref-type="fig"} and Supplementary Figure S5), the relation between the RFP fluorescence (F~RFP~) and the number of copies N is given by Equation ([1](#M1){ref-type="disp-formula"}). This equation can be rewritten according to $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F_{{\rm RFP}} = \gamma _{{\rm RFP}} \left( {\frac{N}{{\frac{{\beta _C }}{{\beta _{{\rm RFP}} }} + N}}} \right) \end{equation*}\end{document}$$ Parameter γ~RFP~ and the ratio β~C~/β~RFP~ can be obtained form a standard nonlinear least squares regression. Values obtained were $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} \begin{array}{l} \gamma _{{\rm RFP}} = 35 900 \\ \frac{{\beta _C }}{{\beta _{{\rm RFP}} }} = 4.6 \\ \end{array} \end{equation*}\end{document}$$ For a correct interpretation of these results it is necessary to take into account that foreign genes, e.g. *rfp*, are introduced in a high copy number plasmid. Therefore, the host cell does not contain a single additional gene but from 100 to 300 copies of the same gene.

When a constitutive GFP gene is introduced in the constructs involving different number of *rfp* gene copies there are significant changes on RFP fluorescence levels (F'~RFP~) as Supplementary Figure S5 shows. In this new systems Equation ([1](#M1){ref-type="disp-formula"}) can be expressed as: $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} F^\prime_{{\rm RFP}} = \gamma _{{\rm RFP}} \left( {\frac{N}{{\frac{{\beta _C }}{{\beta _{{\rm RFP}} }} + \frac{{\beta _{{\rm GFP}} }}{{\beta _{{\rm RFP}} }} + N}}} \right) \end{equation*}\end{document}$$ The reduction on the fluorescence values is determined by the ratio β~GFP~/β~RFP~. Fitting the experimental results shown in Supplementary Figure S5 and considering the values of γ~RFP~ and β~C~/β~RFP~ previously obtained, the ratio β~GFP~/β~RFP~ can be determined. The resulting value was $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} \frac{{\beta _{{\rm GFP}} }}{{\beta _{{\rm RFP}} }} = 2.7 \end{equation*}\end{document}$$ Supplementary Figure S5 shows the experimental data and the fittings according to equations ([S.46](#M54){ref-type="disp-formula"}) and ([S.47](#M55){ref-type="disp-formula"}) using this parameter values.

Finally, using the expression of the intercept *a* of the linear relation (Figure [3a](#F3){ref-type="fig"}) described by equation ([7](#M7){ref-type="disp-formula"}), parameter γ~GFP~ can be calculated according to $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{equation*} \gamma _{{\rm GFP}} = a \cdot \left( {1 + \frac{{\beta _C }}{{\beta _{{\rm GFP}} }}} \right) \end{equation*}\end{document}$$ The resulting value was, $$\documentclass[12pt]{minimal}
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}{}\begin{equation*} \gamma _{{\rm GFP}} = 115085 \end{equation*}\end{document}$$

Data fitting for gene expression with different Ribosome Binding Site strengths
-------------------------------------------------------------------------------

Data presented in Figure [4A](#F4){ref-type="fig"} was used to assess how experimental changes on the translational part associated to changes on RBS strengths are correlated with changes on the model parameters, and more specifically, on γ~RFP~. Equation ([6](#M6){ref-type="disp-formula"}) describes the dependence of the gene expression of a constitutive reporter gene *gfp* with fixed genetic load versus changes on the expression of the tuneable one, *rfp*. When this tune takes place by changing the RBS sequence, it affects the slope *b* on equation ([6](#M6){ref-type="disp-formula"}). It is possible to calculate the relative value of γ~RFP~, i.e. the γ~RFP~ normalized to the value of the strongst RBS $\documentclass[12pt]{minimal}
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